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CENTRAL LIMIT THEOREMS FOR GROMOV HYPERBOLIC
GROUPS
MICHAEL BJÖRKLUND
Abstrat. In this paper we study asymptoti properties of symmetri and
non-degenerate random walks on transient hyperboli groups. We prove a
entral limit theorem and a law of iterated logarithm for the drift of a random
walk, extending previous results by S. Sawyer and T. Steger and F. Ledrappier
for ertain CAT(−1)groups. The proofs use a result by A. Anona on the
identiation of the Martin boundary of a hyperboli group with its Gromov
boundary. We also give a new interpretation, in terms of Hilbert metris, of
the Green metri, rst introdued by S. Broerio and S. Blahère.
1. Introdution
Let X1, X2, . . . be a sequene of independent and identially distributed random
variables on the real line, suh that E[Xk] = 0 and 0 < E[X
2
k ] < ∞. The entral
limit theorem tells us that the expression
X1 + . . .Xn√
n
onverges in distribution to a non-degenerate Gaussian variable. Bellman [5℄ and
Furstenberg and Kesten [14℄ initiated the study of non-ommutative analogues of
the entral limit theorem. In [14℄, Furstenberg and Kesten proved that if X1, X2 . . .
is a sequene of bounded, independent and identially distributed random matries
of a xed size d, then, if Yn = X1 · · ·Xn, and under some tehnial assumptions,
the sequene
log (Yn)ij − E[log (Yn)ij ]√
n
onverges weakly to gaussian variables for all i, j = 1, . . . , d.
In this paper, we onsider the following related problem:
Let (X, d) be a metri spae, and g1, g2, . . . is a sequne of independent and iden-
tially distributed random variables taking values in the isomety group of (X, d).
Pik a basepoint x0 ∈ X and let An = d(g1 · · · gnx0, x0). We assume that A1 has
nite rst moment. Then, by Kingman's subadditive ergodi theorem [29℄, the limit
A = lim
n→∞
An
n
exists almost surely, and is onstant almost everywhere. We may ask about the rate
of onvergene to A. This question heavily depends on the metri spae (X, d),
and no general results are known. In [37℄, Sawyer and Steger studied the ase
when (X, d) is the Cayley graph of a free group Fd on d standard generators: Let
1
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g1, g2, . . . be i.i.d. random variables taking values in Fd, and distributed aording
to a probability measure µ on Fd, whih is required to satisfy some tehnial moment
onditions, then A > 0, and
d(g1 · · · gn, e)− nA√
n
onverges to a non-degenerate Gaussian distribution on R. Their proof relies heavily
on the properties of ertain analyti extensions of funtions of the Green kernel of
the measure µ. A geometri proof was later given by F. Ledrappier in [31℄ and a
nie generalization to random walks on trees with nitely many one types is proved
in [34℄. The present paper is onerned with a partial generalization of these results
to random walks on a general Gromov hyperboli group Γ.
Let p be the uniform measure on a nite set S of generators of Γ. If we exlude the
ase of nite groups and nite extensions of Z and Z
2
, the Green kernel
G(x, y) =
∞∑
n=0
p∗n(y−1x)
is everywhere positive and nite. It turns out that d(x, y) = log G(e,e)G(x,y) denes a
Γ-invariant metri on Γ, and roughly equivalent to the word-metri with respet to
S, in the sense that there are positive onstants C and b suh that
1
C
dS(x, y)− b ≤ d(x, y) ≤ CdS(x, y) + b, ∀ x, y ∈ Γ.
We will refer to d as the Green metri on the Cayley graph of (Γ, S). This metri
was rst introdued in [6℄, but has been studied quite a lot in disguise, in onnetion
with Martin boundaries of groups [1℄, [2℄. Using this metri, we an formulate the
following theorem
Theorem 1. Let Γ be a Gromov hyperboli group, whih is not nite or virtually Z.
If the support of µ generates Γ and if there is a β > 0, suh that
∫
Γ e
βd(g,e) dµ(g) <
∞, then if g1, g2, . . . is a sequene of independent µdistributed random variables,
then A > 0 and,
d(g1 · · · gn, e)− nA√
n
onverges to a non-degenerate entered Gaussian variable, with variane σ > 0, and
furthermore,
lim sup
n→∞
d(g1 · · · gn, e)− nA√
n log logn
= σ
almost surely.
Note that this theorem does not imply the entral limit theorem for the drift with
respet any wordmetri on Γ.
The reason for introduing the Green metri is geometri. With respet to the Green
metri, the horofuntion boundary of (Γ, d) is Γequivariantly homeomorphi to
the Gromov boundary. This property is not true in general for Gromov hyperboli
spaes. Therefore we introdue
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Basi Assumption (BA). A Gromov hyperboli spae (X, d) satisies the basi
assumption (BA), if the horofuntion boundary is Isom(X, d)equivariantly home-
omorphi to the Gromov boundary of (X, d).
The assumption holds for all CAT(−1)spaes, and by the remark above, for all
hyperboli groups with respet to a Green metri.
We an now formulate a more general version of theorem 1.
Theorem 2. Suppose (X, d) is a Gromov hyperboli spae whih satises the geo-
metri ondition (BA). Suppose µ is a symmetri probability measure on Γ with a
nite exponential moment, suh that the group generated by the support of µ ats
non-elementary on X(∞). Let g1, g2, . . . be a sequene of independent, µdistributed
random variables. Then, A > 0, and there is a positive onstant σ, suh that
1√
n
(d(g1 · · · gnx0, x0)− nA)
onverges weakly to a non-degenerate Gaussian distribution with variane σ, as
n→∞, and
lim sup
n→∞
d(g1 · · · gnx0, x0)− nA√
n log logn
= σ > 0,
almost surely with respet to P.
For ations of linear semigroups on projetive spaes, similar entral limit theorems
have been proved by Le Page [32℄. A nie exposition an be found in [9℄ and a more
general approah was later developed in [23℄. A standard and natural assumption
in this theory is that the support of µ is irreduible and ( strongly ) ontrating (
[9℄ ). This leads to a dynamial situation lose to the ation of a hyperboli group,
and lemma 4.2, as its proof, losely follows the ideas in [32℄.
This paper is organized as follows. Setion 2 introdues the onepts of random
walks and hyperboli spaes. In subsetion 2.4, two dierent denitions of the Green
metri on a transient group are given, and we investigate some of its properties. In
setion 3, we formulate the problem in the language of ergodi theory, and derive
a useful integral formula for the drift. In setion 4, we present the omplete proof
of theorem 2.
2. Random Walks on Hyperboli Spaes
2.1. Random Walks on Isometry Groups. Suppose (X, d) is a metri spae.
Let Γ be a subgroup of the isometry group Isom(X, d), and let µ be a probability
measure on Γ. Let B denote the Borel σ-algebra of Γ, with respet to the ompat
open topology. We assume that the measure µ satises
∫
Γ d(gx0, x0) dµ(g) <
+∞ for some point x0 in X . Dene the probabilty measure spae (Ω,F,P) =
(ΓN0 ,BN0 , µN0). The σ-algebra F has a natural ltration {Fn}n∈N0 generated by
ylinder sets in Ω.
We think of Ω as the set of all measurable maps N0 → Ω. The shift map T taking
a funtion ω ∈ Ω to ω(·+ 1) preserves the measure P and is learly ergodi. Let g
be the projetion ω 7→ ω(0) from Ω onto Γ. We will be interested in the asymptoti
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behaviour of the following ergodi oyle into the group Γ. Let Z0 = e, where e is
the identity in Γ, and dene for n ≥ 1
Zn(ω) = g(ω) · · · g(T n−1ω), ω ∈ Ω.
Given some point x0 in X we want to study the utuations of the random sequene
An(ω) = d(Zn(ω)x0, x0), when n tends to innity. It is obvious that An is an
integrable subadditive oyle, i.e. An+m ≤ An + Am ◦ T n, for all n and m, and
hene the ergodi theorem of Kingman [29℄ asserts that the limit
A(µ) = lim
n→∞
An
n
= inf
n≥1
1
n
∫
Ω
An dP = inf
n≥1
∫
Γ
d(γx0, x0) dµ
∗n(γ)
exists and is onstant a.e. with respet to P. We will refer to A(µ) as the drift
of the random walk Zn. Expliit alulations of A(µ) are notoriously hard even in
simple examples, see [15℄ for a nie exposition of formulae. In what follows, we will
tatially assume we are in a situation when A(µ) is positive.
2.2. Horofuntions. Let (X, d) be a metri spae. A geodesi in X is an isometri
embedding of an interval I ⊂ R into X . We say that (X, d) is geodesi if any two
points an be onneted by a geodesi. Note that we do not require the geodesi
to be unique. A geodesi ray is a geodesi r dened on an interval [a, b) suh that
the limit of r(t) does not exist in X in the limit t→ b−.
A metri spae (X, d) is proper if losed and bounded sets are ompat. Pik a
basepoint x0 inX and dene for every x ∈ X the funtion hx(y) = d(x, y)−d(x, x0).
The map Ψ(x) = hx is injetive and the family F = {hx}x∈X is equiontinuous
in the spae of ontinuous funtions C(X). We dene X = F , where the losure
of F is taken in the topology of C(X). This is a ompat Hausdor spae by the
Arzela-Asoli theorem, and it easy to hek that any other hoie of a basepoint x0
gives rise to a homeomorphi version of X. Furthermore, if (X, d) is geodesi, the
map x→ hx is a homeomorphism onto its image. Note that this is not neessarily
true if the spae is not geodesi.
We denote the group of isometries on (X, d) by Isom(X). We have a natural
ontinuous ation of Isom(X) on X by
(g.h)(x) = h(g−1x)− h(g−1x0).
We dene the horofuntion boundary of (X, d) to be the set X(∞) = X \Ψ(X). It
is lear that the ation of Isom(X, d) leaves X(∞) invariant. Also note that X(∞)
is ompat, if (X, d) is geodesi.
This ompatiation was promoted in Gromov's seminal paper [18℄ on hyperboli
groups, and its relevane in the theory of random walks has been demonstrated in
series of papers [25℄, [26℄ and [27℄.
2.3. Gromov hyperboli spaes. Given three points x, y and z in X , we dene
the Gromov produt of x and y relative the point z by
(x, y)z =
1
2
(d(x, z) + d(y, z)− d(x, y)).
A metri spae (X, d) is Gromov hyperboli if there is some δ ≥ 0, suh that
(x, y)w ≥ min{(x, z)w, (z, y)w} − δ,
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for all x, y, z and w in X ( It is an easy exerise to verify that δ an be taken
to be 0 for metri trees ). Examples of Gromov hyperboli spaes inlude metri
trees and manifolds of stritly negative setional urvature. We say that a nitely
generated group Γ is Gromov hyperboli if its Cayley graph with respet to any
nite generating set is a Gromov hyperboli spae. Examples inlude fundamental
groups of ompat negatively urved manifolds, e.g. surfae groups of genus g ≥ 2.
It is a well-known fat that any Gromov hyperboli group is nitely presented.
In fat, most nitely presented groups are Gromov hyperboli by a theorem by
Olshanskii [35℄:
Theorem 3. Let A = {a±11 , . . . , a±1k } be an alphabet, and let N(k, d, n) denote the
number of group representations of the form 〈A | r1, . . . rd〉, where {ri}di=1 is a set
of redued words of length ni in the alphabet A, and n = (n1, . . . , nd) ∈ Nd0. Let
Nh(k, d, n) denote the ardinality of the subset of hyperboli groups in the above
olletion of groups. Then
Nh(k, d, n)/N(k, d, n)→ 1
as min{n1, . . . , nd} → ∞, for xed d and k.
Let (X, d) be a proper Gromov hyperboli spae. Let Y denote the spae of all
sequenes whih onverge to innity in the one-point ompatiation of X . We
say that two sequenes in Y are equivalent if (xi, yj)x0 → ∞ as i, j → ∞. This
statement is learly independent of the hoie of the point x0, and due to Gromov
hyperboliity, it is a transitive relation, and hene an equivalene relation. Let ∂X
be the set of all equivalene lasses in Y under this relation. We an extend the
Gromov produt to ∂X by
(ξ, η)x0 = sup lim inf
i,j→∞
(xi, yj)x0 ,
where xi and yi are sequenes orresponding to ξ and η, and the sup is taken over
all suh sequenes. Note that (ξ, ξ)x0 = ∞. A natural andidate for a metri on
∂X would be ρǫ(ξ, η) = e
−ε(ξ,η)x0
, for small ε > 0, but unfortunately, this it not
always a metri. However, it an always be deformed to a metri ρ on ∂X, whih
satises, Aρε ≤ ρ ≤ Bρε, for some onstants A and B [10℄.
Suppose (X, d) is a Gromov-hyperboli proper metri spae. It is easy to see that
there is a ontinuous Isom(X, d)equivariant surjetion from X(∞) onto ∂X ( see
[38℄ ), but this map is not always a homeomorphism. Indeed, let X be the Cayley
graph of Z×Z/2Z with respet to the produt of the standard generators on eah
group. The geometri realization is a bi-innte ladder. Note that the horofuntion
boundary with respet to the word-metri ( extended to the edges ) is an interval,
while the Gromov boundary only onsists of two points. We will see below that
this inonveniene disappears for transient hyperboli groups, if we hange from
the word-metri to the quasi-isometri Green metri.
2.4. Green Metris and Hilbert Metris on Cones. A measure µ on Γ is
symmetri if µ(g−1) = µ(g) for all g ∈ Γ, and nitely supported if µ(g) 6= 0 for
only a nite number of g in G. Suppose µ is a nitely supported and symmetri
probability measure on a nitely generated group Γ. Suppose that the support of
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µ generates Γ as a group. We dene the Green kernel with respet to µ as
G(x, y) =
∞∑
n=0
µ∗n(x−1y)
If the kernel G is everywhere nite for any nitely supported and symmetri mea-
sure, we say that Γ is transient. Reall the following result due to Varopoulos [39℄,
whih is a very strong generalization of Polya's lassial theorem on random walks
on Z
d
.
Theorem 4. A nitely generated group Γ is transient if and only if Γ is not virtually
trivial, Z or Z
2
.
The Green metri dG on a transient group Γ is dened as
dG(x, y) = log
G(e, e)
G(x−1y)
, x, y ∈ Γ.
We reall that the Green kernel on any transient group with respet to any nitely
supported probability measure µ an be fatorized as G(x, y) = G(e, e)F (x, y),
where F (x, y) denotes the probability for the µindued Markov hain to ever reah
the point y in Γ from x. Thus, the Green metri equals dG(x, y) = − logF (x, y).
The metri axioms are easily veried under the above assumptions. The Green
metri was introdued in [6℄ in onnetion with DLA-proesses on trees. Exellent
aounts of appliations of the Green metri to random walks and the geometry of
disrete groups an be found in [7℄ and [8℄. This metri is also losely related to
the Harnak metri, rst introdued in [3℄.
Example 2.1. Let Γ be the free group on q + 1 generators. Let µ be the uniform
measure on the generators and the inverses. The Green funtion of µ is given by
[40℄
G(x, y) =
q
q − 1q
−d′(x,y),
where d′ denotes the word-metri with respet to the generators. Hene the Green
metri d on Γ equals cd′, where c = log q.
The Green metri an also be introdued via Hilbert metris. Let V be a topologial
vetor spae, equipped with an integrally losed partial order  ( see [33℄ ). We
dene
α(f, g) = sup{λ > 0 |λf  g}
β(f, g) = inf{λ > 0 | g  λf}
We take α = 0 and β = ∞ if the orresponding sets are empty. We dene the
Hilbert ( pseudo-) metri on the projetivized one PRC as
d(f, g) =
1
2
log
β(f, g)
α(f, g)
The Hilbert metri assoiated to a one in an integrally losed vetor lattie has
the universal property that any projetive map between two ones is non-expansive
with respet to the Hilbert metris on the ones.
For every y ∈ Γ we dene the Martin kernel at y to be
Ky(x) =
G(x, y)
G(e, y)
.
CENTRAL LIMIT THEOREMS FOR GROMOV HYPERBOLIC GROUPS 7
It is easily veried that Ky is a superharmoni funtion on Γ with respet to the
probability measure µ, i.e. Ky ∗µ ≤ Ky on Γ. Furthermore, the map Ψ(y) = Ky is
an embedding of Γ into the one of positive superharmoni funtions C onsidered as
a subset of the spae of funtions on Γ with the topology of pointwise onvergene.
It is proved in [40℄ that C is a onvex one with a ompat base. We dene a Γ-
invariant metri ρ on Γ by restriting the Hilbert metri on this one to the image
of the embedding, i.e.
ρ(x, y) = d(Kx,Ky), x, y ∈ Γ.
We make the following simple observation whih the author has not been able to
loate in the literature.
Lemma 2.1. Suppose Γ is a transient group. Then the indued metri ρ on the
image Ψ(Γ) equals the Green metri on Γ.
Proof. We rst note that the inequality
G(z, y)
G(e, y)
≤ λG(z, x)
G(e, x)
∀ z ∈ Γ,
an be rewritten, in terms of the Green metri d, as
ed(y,e)−d(x,e) sup
z∈X
ed(z,x)−d(z,y) ≤ λ,
and thus λ is nite. We onlude that
β(Kx,Ky) = e
d(y,e)−d(x,e) sup
z∈X
ed(z,x)−d(z,y) = ed(y,e)−d(x,e)ed(y,x)
The inequality for α is ompletely analogous,
α(Kx,Ky) = e
d(y,e)−d(x,e) inf
x∈X
ed(z,x)−d(z,y) = ed(y,e)−d(x,e)e−d(y,x).
Hene,
ρ(Kx,Ky) = d(x, y),
for all x and y in Γ. 
Remark 2.1. It would be interesting to identify the projetive endomorphisms of
the one C whih leave Ψ(Γ) invariant. These maps would indue natural semi
ontrations on Γ with respet to the Green metri.
2.5. Connetions between the Martin Boundary and the Gromov Bound-
ary. Suppose Γ is a disrete transient group, generated by a nite symmetri set
S ⊂ Γ. Let p be the uniform measure on S. Then the Green kernel with respet to
p and the horofuntion boundary with respet to the Green metri on Γ equals, by
denition, the Martin boundary of Γ with respet to p. In general, the Green met-
ri is not equivalent to the word-metri with respet to S. However, on transient
hyperboli groups, the two metris are quasi-isometri ( see [6℄ ), in the sense that
there are onstants C and b, suh that,
1
C
dS(x, y) − b ≤ d(x, y) ≤ CdS(x, y) + b ∀ x, y ∈ Γ,
where dS denotes the wordmetri with respet to a nite generating set of Γ, and
d is the Green metri. In this ase, we an let b be zero in the inequality on the
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right hand side. Note that the drift with respet to the Green metri of a random
walk is positive if and only if it is positive with respet to the wordmetri.
We reall the following theorem by A. Anona ( [1℄ and [2℄ ).
Theorem 5. Suppose Γ is a transient Gromov hyperboli group, and S is a nite
generating set of Γ. Let µ be the uniform measure on S, and let d denote the Green
metri with respet to the Green kernel of p. Then the horofuntion boundary of
the metri spae (Γ, d) is Γequivariantly homeomorphi to the Gromov boundary
of (X, d).
In partiular, for any transient Gromov hyperboli group, (Γ, d) satises the geo-
metri assumption (BA).
2.6. General Aspets of Random Walks on Metri Spaes. Let Y be a
ompat Hausdor spae with a ontinuous ation of a group Γ. If µ is probability
measure on Γ and ν is a Borel probability measure on Y , we dene the onvolution
of µ and ν to be
(µ ∗ ν)(ϕ) =
∫
Y
ϕ(gy) dµ(g)dν(y), ϕ ∈ C(Y ),
whih again is a Borel probability measure on Y . If ν is xed, i.e. if µ ∗ ν = ν,
we say that ν is µ-stationary, or simply stationary, if there is no risk of onfusion.
Stationary measures always exist by a simple xed point argument. The following
theorem is due to V. Kaimanovih [24℄
Theorem 6. Suppose (X, d) is a Gromov hyperboli spae and Γ is a disontinuous
subgroup of the isometry group of (X, d). Let µ be a probability measure on Γ suh
that the subgroup generated by the support of µ is non-elementary with respet to
X(∞). Then the random walk on X indued by µ onverges almost everywhere
in the hyperboli ompatiation and there is a unique non-atomi µ-stationary
measure ν on X(∞).
Reall that an ation of a hyperboli group is non-elementary with respet to X(∞)
if the ation does not x any nite subset of X(∞).
We now turn to the question of positivity of the drift. For symmetri random walks
on abelian and nilpotent groups it is easy to see that the drift is neessarily zero.
However, for non-amenable groups, Guivar'h [19℄ proved the following theorem
Theorem 7. Let Γ be a non-amenable nitely generated group, and µ a symmetri
measure with nite rst moment. Then A(µ) > 0.
It is a well-known fat that a hyperboli group is amenable if and only if it is a
nite group or virtually Z.
In view of theorem 7, it is tempting to onjeture that Theorem 1 is true for any
symmetri random walk of nite support on a non-amenable group with respet to
the word-metri. However, reall the following result by A. Ershler ( [11℄ and [12℄
), answering a question by A. Vershik,
Theorem 8. Let G = Z ≀Z. There exists a symmetri probability measure µ on G
with nite support suh that
n−
3
4An(µ),→ 1 n→∞,
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where An(µ) =
∫
G
d(g, e) dµ∗n(g), where d denotes some word-metri, and e is the
identity element in G.
Let Γ = G × F2, where F2 denotes the free group on two generators. Note that
this group is not hyperboli sine the subgroup Z ≀Z is an amenable nonhyperboli
group. Let ν be the produt of µ and a nitely supported symmetri measure on F2.
The group Γ is non-amenable, but the random walk determined by the symmetri
measure ν will have linear drift with utuations of order n
3
4
.
Counterexamples to the law of iterated logarithm an be onstruted in a similar
way using the results by D. Revelle [36℄. In partiular, in [36℄ it is proved that there
are nitely supported measures on the group G above suh that
0 < lim sup
n→∞
d(Znx0, x0)
n3/4(log logn)1/4
<∞,
almost surely.
3. Ergodi Theory of Random Walks on Proper Metri Spaes
In this subsetion we will derive a useful integral representation for the drift of a
random walk generated by a symmetri probability measure µ. We assume that
the geometri assumption (BA) and the onditions in theorem 6 hold. Reall that
T denotes the forward shift map on Ω = ΓN0 , and let Ω˜ = Ω ×H . We note that
the skew-produt extension
Tˆ (ω, h) = (Tω, g(ω)−1.h),
has an invariant measure P = P× ν, where ν is the unique stationary measure on
the boundary ∂X¯.
Sine ν is non-atomi,
A(µ) = lim
n→∞
d(Znx0, x0)
n
= lim
n→∞
h(Znx0)
n
,
almost surely with respe to P, for any xed hoie of h ∈ ∂X ∼= X(∞). Note that
for any h ∈ X(∞), and ω ∈ Ω,
h(Zn(ω)x0) = Z
−1
n−1.h(g(T
n−1ω)x0) + h(Zn−1(ω)x0) =
n−1∑
k=0
Z−1k .h(g(T
kω)x0),
for n ≥ 1. Thus, if we let F (ω, h) = h(g(ω)x0), then
h(Zn(ω)x0) =
n−1∑
k=0
F (Tˆ k(ω, h)).
It is obvious that F ∈ L1(P˜), sine µ is assumed to satisfy ∫Γ d(gx0, x0) dµ(g). We
have now outlined the main ingredients in the following important lemma.
Lemma 3.1. Suppose (X, d) is a Gromov hyperboli spae whih satsies the geo-
metri assumption (BA), and µ is a symmetri probability measure on Γ whih
satises the ondtions in theorem 6. Then,
A(µ) =
∫
H
∫
Γ
h(gx0) dµ(g)dν(h).
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It should be noted that the above integral formula holds in a muh more general
ontext ( see [28℄ ).
4. Proofs of the theorems
The following lemma is a diret onsequene of Gromov hyperboliity and the basi
assumption (BA).
Lemma 4.1. Suppose (X, d) is a Gromov hyperboli spae whih satisfy the geo-
metri property (BA). Suppose xn → h′ ∈ X(∞), and h′ 6= h. Then the sequene
d(xn, x0)− h(xn)
is bounded.
Suppose µ is a symmetri probability measure on Γ whih satises the onditions
of Theorem 6. Then, almost surely, the sequene Znx0 onverge to a point in the
Gromov boundary ∂X ∼= X(∞), and for any Borel subset A ⊂ ∂X
P({ω ∈ Ω | Z∞(ω) := lim
n→∞
Zn(ω)x0 ∈ A}) = ν(A),
where ν is the unique stationary measure on X(∞). Sine ν is non-atomi, and by
lemma 4.1,
d(Znx0, x0)− h(Znx0)√
n
→ 0,
almost surely [P], for any xed hoie of h ∈ X(∞). Thus, to prove theorem 2, to
prove, for a xed h ∈ X(∞),
Yn :=
h(Znx0, x0)− nA(µ)√
n
→ Y,
in distribution, where Y is a entered and non-degenerate Gaussian variable.
Let us for a xed h ∈ X(∞) and u ∈ L∞(X(∞)) dene the sequene
Mn = h(Znx0)− nA(µ) + u(h)− u(Z−1n .h).
We want to hoose u so thatMn is a martingale with respet to the natural ltration
{Fn}n≥0. Sine u is bounded, the sequene Mn√n onverge in distribution to a non-
degenerate and entered Gaussian variable Y if and only if the sequene Yn onverge
in distribution to Y .
Note that
E[h(Zn(·)g(T n·)x0, x0)− h(Zn(·)x0, x0) | Fn] =
∫
Γ
Zn(·)−1.h(gx0) dµ(g),
almost everywhere [P]. Thus, if we introdue the operator
Pϕ(h) =
∫
X(∞)
ϕ(g−1.h) dµ(g), ϕ ∈ L∞(X(∞), ν),
we see that if we an hoose u ∈ L∞(X(∞), ν) suh that
(I − P )u = ψ,
where ψ(h) =
∫
Γ h(gx0) dµ(g)−A(µ), thenMn is a martingale sequene with respet
to the ltration {Fn}n≥0.
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It is lear that the equation above makes sense in any normed spae of bounded
funtions on X(∞). However, to guarantee the existene of a solution we need to
restrit the operator to a suiently nie spae of funtions on X(∞). We observe
that ∫
X(∞)
ψ(h) dν(h) =
∫
X(∞)
∫
Γ
h(gx0) dµ(g)dν(h) −A(µ) = 0,
by lemma 3.1.
Let L10(X(∞)) denote the spae of all νintegrable funtions with integral zero.
Sine µ is symmetri, P preserves L10(X(∞)). Reall that a real valued funtion ϕ
on a metri spae (Y, ρ) is Hölder ontinuous if
sup
y 6=z
|ϕ(y)− ϕ(z)|
ρ(y, z)α
<∞,
for some α > 0. The spae of Hölder ontinuous funtions Hα on (X(∞), ρ) for a
xed α > 0 is a Banah spae with respet to the norm
||ϕ||α = |
∫
X(∞)
ϕ(h) dν(h)| + sup
h 6=h′
|ϕ(h)− ϕ(h′)|
ρ(h, h′)α
.
Note that H0α = Hα∩L10(X(∞), ν) is a losed subspae of Hα. We want to solve the
equation (I − P )u = ψ for u ∈ H0α, for some α > 0. To guarantee the existene of
a solution to this equation in the above spae, it sues to prove that the spetral
radius of P in H0α is less than 1, at least for suiently small α > 0.
We say that a probability measure on Γ has exponential moment if, for some β > 0,
the integral
∫
Γ
eβd(gx0,x0) dµ(g) is nite. The following lemma is the key result of
this setion.
Lemma 4.2. Suppose µ has a nite exponential moment, and that (X, d) satises
the geometri assumption (BA). Then ||Pn||α ≤ Cτn, for some positive onstant
C, for all n ≥ 1 and α suiently small.
Proof. It is easy to see that it sues the following strong proximality statement
on the boundary ∂X ,
sup
h 6=h′
∫
Γ
(ρ(g−1h, g−1h′)
ρ(h, h′)
)α
dµ∗n(g) < 1,
for suiently small α > 0 and n large. This estimate is equivalent to ( we identify
a point in ∂X with its horofuntion ),
sup
h 6=h′
∫
Γ
eα((h,h
′)x0−(g−1h,g−1h′)x0) dµ∗n(g) < 1,
sine ρ(·, ·) is uniformly equivalent to e−(·,·)x0 . For small α, and large n, we an,
due to the nite exponential moment ondition on µ, replae the integrand ( up to
an arbitrary small error whih depends on α ) with
1− α((g−1h, g−1h′)x0 − (h, h′)x0).
Beause of assumption (BA), we have the identity,
(h, h′)x0 − (g−1h, g−1h′)x0 = 2(h(gx0) + h′(gx0)),
CENTRAL LIMIT THEOREMS FOR GROMOV HYPERBOLIC GROUPS 12
where ρ denotes the metri on the boundary. Thus, it sues to prove that
inf
h∈X(∞)
1
n
∫
Γ
h(gx0) dµ
∗n(g) = inf
h∈X(∞)
1
n
∫
Ω
h(Znx0) dP > 0.
Note that the order of inf and the integral is ruial here. Suppose that the last
equality does not hold. Then we an nd a sequene of integers nk, tending to
innity, and horofuntions hk suh that
lim inf
k→∞
1
nk
∫
Ω
hk(Znkx0) dP ≤ 0,
and hk onverges in X to some h. This implies that the sequene Znkx0 → h in
X(∞), with a positive probability, whih is a ontradition to theorem 6, sine the
stationary distribution on X(∞) is non-atomi. 
Remark 4.1. In order to deal with the ase of nonsymmetri measures, we in-
trodue the operator N whih performs integration with respet to the unique
stationary measure νˇ on ∂X(∞) with respet to the measure µˇ(g) = µ(g−1), and
extend the denition of P to Hα. A slight modiation of the proof of Lemma
4.2 will give that ||Pn − N ||α deays to zero exponentially fast as n → ∞. The
arguments above ( for a general measure µ, not neessarily symmetri ) now lead
to the equation (I − P )u = (I − N)ψ, whih an be solved for u in Hα sine∑
n≥0 P
n(I − N)ψ onverges in Hα by the exponential deay of ||Pn − N ||α and
the fat that PnN = N for all n ≥ 1. A more detailed desription in a similar
situation an be found in the paper [31℄.
Lemma 4.2 is related to similar spetral gap results ahieved by Le Page [32℄ and
Guivar'h [19℄, [20℄ for ations of linear subgroups on projetive spaes. A standard
assumption in this setting is that the semigroup generated by the support of µ is
ontrating and irreduible. This leads to a dynamial situation lose to ations of
hyperboli groups on the Gromov boundary.
This approah losely follows the ideas on martingale approximations developed by
M. Gordin in [16℄. Very nie and general treatments of martingale approximations,
quasi-ompat operators and onnetions to entral limit theorems an be found in
[23℄ and [17℄.
The following Lindebergtype entral limit theorem and law of iterated logarithm
for martingales an be found in [22℄ ( setion 1.7 ).
Theorem 9. Suppose (Ω, ,P) be a probability spae, and assume that {Fn}n is a
ltration of F. Let Mn be a entered martingale, with respet to this ltration, and
set Xk =Mk−Mk−1, for k ≥ 1, and M0 = 0. Suppose that, Mn is a Lpmartingale
for all p <∞, and for all ε > 0,
1
n
n∑
k=1
E[X2k χ|Xk|>ε
√
n |Fk−1]→ 0,
almost surely, and
1
n
n∑
k=1
E[X2k |Fk−1]→ σ2,
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almost surely, where σ is an essentially bounded measurable funtion, and E denote
the onditional expetation operator with respet to ({Fk}k≥1,P). Then
Mn√
n
→M,
in distribution, where the distribution µ of M has the Fourier transform µˆ(ω) =
E[exp− 12η2ω2]. In partiular, if σ is essentially onstant, M is Gaussian. In this
ase, we also have
−σ = lim inf
n→∞
Mn√
n log logn
and lim sup
n→∞
Mn√
n log logn
= σ,
almost surely.
In our ase,
E[X2k |Fk] = E[
(
h(Zkx0)− h(Zk−1x0)−A(µ) + u(Z−1k .h)− u(Z−1k−1.h)
)2 |Fk]
=
∫
Γ
(
Z−1k−1.h(gx0)−A(µ) + u(g−1Z−1k−1.h)− u(Z−1k−1.h)
)2
dµ(g)
= G(Tˆ k−1(·, h)),
where
G(ω, h) =
∫
Γ
(
h(gx0)−A(µ) + u(g−1.h)− u(h)
)2
dµ(g).
in the notation of subsetion 3. Sine µ is assumed to have a nite exponential
moment, G ∈ Lp(P˜), for all 1 ≤ p <∞, and thus the ergodi theorem apply
σ2 = lim
n→∞
1
n
n∑
k=1
E[X2k |Fk] =
∫
Ω
∫
H
G(ω, h) dP(ω)dν(h)
=
∫
H
∫
Γ
(
h(gx0)−A(µ) + u(g−1.h)− u(h)
)2
dµ(g)dν(h).
In partiular, σ is essentially onstant, and Mn√
n
onverge in distribution to a entered
Gaussian variable, whih a priori an be degenerate, i.e. σ = 0. However, this would
entail that
h(gx0) = A(µ) + u(g
−1.h)− u(h)
for all g ∈ supp(µ) and for almost every h in X(∞). Thus, if g1 and g2 are in
supp(µ), and h is a νgeneri point in X(∞), then
h(g1g2x0) = g
−1
1 .h(g2x0) + h(g1x0) = 2A(µ) + u((g1g2)
−1.h)− u(h),
and so we an onlude that for any non-trivial element g in the support of µ, there
is some positive integer c(g), suh that
h(gx0) = c(g)A(µ) + u(g
−1.h)− u(h)
for every νgeneri point in X(∞). However, sine the support was assumed to
generate a non-elementary group Γ, there must be a hyperboli element g in the
support of µ, suh that its xed points h and h′ in X(∞) are generi for the measure
ν. Thus, by proximality of the ation on the boundary,
h(gx0) = lim
n→∞
d(gx0, g
nx0)− d(gnx0, x0)
= − lim
n→∞
d(gx0, g
−nx0)− d(g−nx0, x0) = −h′(gx0),
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and we get the equation
h(gx0) = A = −h(gx0),
whih implies A = 0, and therefore ontradits Theorem 7. We have thus proved
the following theorem.
Theorem 10. Suppose (X, d) is a Gromov hyperboli spae whih satises the
geometri ondition (BA). Suppose µ is a symmetri probability measure on Γ with
an exponential moment, suh that the group generated by the support of µ ats
non-elementary on ∂X. Then there is a positive onstant σ, suh that
1√
n
(d(Znx0, x0)− nA(µ))
onverge weakly to a non-degenerate Gaussian distribution, as n→∞, and
lim sup
n→∞
d(Znx0, x0)− nA(µ)√
n log logn
= σ > 0,
almost surely with respet to P.
The neessary extension to over the ase of non-symmetri measures is standard.
See [31℄.
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